We show that the support of an irreducible weight module over the twisted Heisenberg-Virasoro algebra, which has an infinite dimensional weight space, coincides with the weight lattice and that all nontrivial weight spaces of such a module are infinite dimensional. As a corollary, we obtain that every irreducible weight module over the twisted Heisenberg-Virasoro algebra, having a nontrivial finite dimensional weight space, is a Harish-Chandra module (and hence is either an irreducible highest or lowest weight module or an irreducible module from the intermediate series).
Introduction
The twisted Heisenberg-Virasoro algebra is the Lie algebra L with C-basis {L m , I m , C, C I , C LI | m ∈ Z} subject to the following relations (e.g., [ACKP, B] This Lie algebra is the universal central extension of the Lie algebra of differential operators on a circle of order at most one, which contains an infinite dimensional Heisenberg subalgebra and the Virasoro subalgebra. The natural action of the Virasoro subalgebra on the Heisenberg subalgebra is twisted with a 2-cocycle.
Due to its important applications in the representation theory of the toroidal Lie algebras and some problems related to mathematical physics (for instance, the even part of the well-known N = 2 super-Virasoro algebras is essentially the twisted Heisenberg-Virasoro algebra), the structure and representation theories for the twisted Heisenberg-Virasoro algebra has been well developed and has attracted much attention in the literature (e.g., [ACKP, B, FO, JJ, SJ, LZ] ).
A weight module M over L is an H-diagonalizable module, where
is the Cartan subalgebra of L. If, in addition, all weight spaces M λ (cf. (1.2)) of a weight L-module M are finite dimensional, the module is called a Harish-Chandra module. All irreducible Harish-Chandra modules were classified in [LZ] , and they are analogs of that of the Virasoro algebra. Namely, they are exhausted by irreducible highest weight modules, irreducible lowest weight modules and irreducible modules from the so-called intermediate
If M is an irreducible weight L-module, then I 0 , C, C LI , and C I must act as some complex numbers h I , c, c I , and c LI on M respectively. Furthermore, M has the weight space decomposition
where M λ is called a weight space with weight λ. Denote
An irreducible weight module M is called a pointed module if there exists a weight λ ∈ C such that dim V λ = 1. Xu posted the following in [X] :
Problem 1.1 Is any irreducible pointed module over the Virasoro algebra a Harishchandra module?
An irreducible weight module M is called a mixed module if there exist λ ∈ C and i ∈ Z such that dim V λ = ∞ and dim V λ+i < ∞. The following conjecture was posted in [M] : Conjecture 1.2 There are no irreducible mixed module over the Virasoro algebra.
Mazorchuk and Zhao [MZ] gave the positive answers to the above question and conjecture. In this note, we also give the positive answers to the above question and conjecture for the twisted Heisenberg-Virasoro algebra. Our main result is the following: Theorem 1.3 Let M be an irreducible weight L-module. Assume that there exists λ ∈ C such that dim M λ = ∞. Then Supp(M) = λ + Z, and for every k ∈ Z, we have
Theorem 1.3 also implies the following classification of all irreducible weight L-modules which admit a nontrivial finite dimensional weight space: Corollary 1.4 Let M be an irreducible weight L-module. Assume that there exists λ ∈ C such that 0 < dim M λ < ∞. Then M is a Harish-Chandra module. Consequently, M is either an irreducible highest or lowest weight module or an irreducible module from the intermidiate series.
Proof of Theorem 1
We first recall a main result about the weight Virasoro-module in [MZ] :
Theorem 2.1 Let V be an irreducible weight Virasoro-module. Assume that there exists λ ∈ C, such that dim V λ = ∞. Then Supp(V ) = λ + Z, and for every k ∈ Z, we have
Lemma 2.2 Assume that there exists µ ∈ C and a non-zero element v ∈ M µ , such that
Then M is a Harish-Chandra module.
Proof. Indeed, under these conditions, v is either a highest or a lowest weight vector, and hence, M is a Harish-Chandra module (see, e.g. [LZ] ).
Assume now that M is an irreducible weight L-module such that there exists λ ∈ C satisfying dim M λ = ∞. Lemma 2.3 There exists at most one i ∈ Z such that dim M λ+i < ∞.
Proof. Assume that dim M λ+i < ∞ and dim M λ+j < ∞ for some different i, j ∈ Z.
Without loss of generality, we may assume i = 1 and j > 1. Set
which is a subspace of M λ . Since
we get L k V = 0, k = 1, j, j + 1, j + 2, · · · , and 
Since dim M λ+1 < ∞, and the actions of
Hence
we get inductively L k w = I k w = 0 for all k = 1, 2, · · · . Hence M is a Harish-Chandra module by Lemma 2.2. A contradiction. The lemma follows.
Because of Lemma 2.3, we can now fix the following notation: M is an irreducible weight L-module, µ ∈ C is such that dim M µ < ∞ and dim M µ+i = ∞ for every i ∈ Z \ {0}.
Lemma 2.4 Let
Proof. (1) is the conclusion of Lemma 4 in [MZ] .
Proof of Theorem 1.3. Let
Since the actions of
From Lemma 2.4 (1) and (3), we have (L 3 1 − 6L 2 L 1 + 6L 3 )w = 0, and Proof of Corollary 1.4. Assume that M is not a Harish-Chandra module. Then there should exists i ∈ Z such that dim M λ+i = ∞. In this case, Theorem 1.3 implies dim M λ = ∞, a contradiction. Hence M is a Harish-Chandra module, and the rest of the statement follows from [LZ] .
